ABSTRACT
INTRODUCTION
The study of the aeroelastic behavior of flight vehicles in the pre-and post-flutter regimes is of crucial importance towards increasing their operational life and the avoidance of catastrophic failures [1] [2] [3] [4] . A nonlinear model of a wing section of the high speed aircraft incorporating active control has been proposed in [5] and further studied recently using linear and nonlinear feedback controls. [6] Particularly, in [6] , the effect of the time-delay proportional feedback control on the flutter instability boundary and its character (benign/catastrophic) was discussed. Bifurcations into limit cycles (Hopf bifurcation [7] ) were investigated with respect to system parameters as well as the time delay. The stability analysis was mainly based on center manifold reduction and normal form theory. Numerical simulations were employed to verify the analytical predictions. It has been shown that incorporation of a linear feedback control is always beneficial in controlling both the initiation of Hopf bifurcation and the stability of motions, regardless whether the time delay is added or not. Introducing a time delay into the feedback control could have a profound effect on the stability of the bifurcating motions. However, it has been found that larger time delay is not beneficial in delaying Hopf bifurcation. When nonlinear feedback control is applied, the situation becomes even more complicated. It may destabilize the bifurcating motions if the nonlinear control is combined with larger time delay. Therefore, based on the study in [6] , it was suggested that both linear and nonlinear controls with small time delay should be applied in order to obtain the best control design. However, further studies are necessary to get better understanding of dynamic behavior of the model with other controls. Recently, Chen and Yu studied a more realistic model with time-delay proportional and velocity on linear and nonlinear force and linear moment feedback control [8] . In [8] , it was shown that time delay may not be beneficial delaying Hopf bifurcation, also large time delay may destabilize the Hopf bifurcation motion, thus only small delay was suggested. Also it was shown that the "jumping" phenomenon proposed by Yuan et. al [6] is not correct. It was caused due to the multiple Hopf bifurcations [8] .
In this paper, a more realistic model with both plunging and pitching linear and nonlinear feedback controls will be studied. The method we use follows the approach developed in [6, 8] . Main attentions will be focused on effects of the time delay on the stability and Hopf bifurcation near the flutter boundary. And a thorough investigation on the "jumping" phenomenon is proposed in this paper. Nonlinear systems involving time delay have been studied by many authors [9] [10] [11] . And in the past two decades, there has been rapidly growing interest in bifurcation control [12, 13] . There are a wide variety of promising potential applications of bifurcation and chaos control. In general, the aim of bifurcation control is to design a controller such that the bifurcation characteristics of a nonlinear system undergoing bifurcations can be modified to achieve some desirable dynamical behaviors, such as changing a subcritical Hopf bifurcation to supercritical, eliminating chaotic motions, etc. Many applications have been found, for example, in the areas of mechanical systems, fluid dynamics, biological systems and secure communications.
As it clearly appears, within the problem we studied, two principal issues deserve special attention: (i) increase, without weight penalties, of the flutter speed, and (ii), possibilities to convert unstable limit cycles into stable ones. While the achievement of (i) can result in the expansion, of the flight envelope, that related with (ii) would result in the possibility to operate in close proximity of the flutter boundary without the danger of encountering the catastrophic flutter instability, but in the worst possible scenario, crossing the flutter boundary that features a benign character. In contrast to the catastrophic flutter boundary in which case, the amplitude of oscillations increase exponentially, in the case of benign flutter boundary, monotonic increase of the oscillation amplitude occurs, and as a result, the failure can occur only by fatigue. It clearly appears that both issues i) and ii) are related to controlling Hopf bifurcations. In particular, issue (i) implies increase of the stability of an equilibrium and delay of the occurrence of Hopf bifurcations; while issues (ii) is related to controlling Hopf bifurcations once a periodic vibration has been initiated.
The rest of the paper is organized as follows. In the next section, the aeroelastic model is proposed. Then governing equations are derived, and a linearized system is analyzed to find the critical point at which a Hopf bifurcation may occur. After that, The derivation for a 2-D central manifold from the airfoil governing equation for Hopf bifurcation is briefly described. Finally, numerical simulation results and conclusions are given.
AEROELASTIC MODEL
This investigation is based on a geometrical and aerodynamic nonlinear model of a wing section of high speed aircraft incorporating an active control capability. The geometry of the model is shown in figure 1 . As concerns the nonlinear unsteady aerodynamic force and moment with respect to the pitching axis, respectively, on the upper and lower surfaces of the airfoil. To this end, the third order approximation of the Piston Theory Aerodynamics (PTA) as given by
denotes the downwash velocity normal to the lifting surfaces,
where sgnz assumes the value 1 or -1 for z 0 and z ! 0, respectively. In addition,
denotes the transversal displacement of the elastic surface, x 0
b¥ is the dimensionless streamwise position of the pitch axis measured from the leading edge, whereas b is the half-chord length of the airfoil; p ∞ ,ρ ∞ ,U ∞ ,and a ∞ are the pressure, the air density, the airflow speed and the speed of sound of the undisturbed flow, respectively, κ is the polytropic gas coefficient,
1 is an aerodynamic correction factor that enable one to extend the validity of the PTA to the low supersonic speed range. In the context of the inclusion of the structural and aerodynamic nonlinearities, of the linear and nonlinear controls and of the associated time-delay, in conjunction with the typical cross section with pitch and plunge degrees of freedom, the dimensionless aeroelastic equation are written as
where L£t 
5 are the control gains that are timedependent. Note that the controls include both proportional and velocity (linear and cubic) terms.
To obtain the dimensionless form, let
then the aeroelastic governing equations are obtained as follows: The meaning of other parameters can be found in the nomenclature given in [5, 6] .
In Eq. (7), the parameter B represents a measure of the degree of the structural nonlinearity of the systems, in the sense that, corresponding to B ! 0 or B 0, the structural nonlinearities are soft or hard, respectively, while for B ¦ 0, i.e., when the tracer δ S ¦ 0, the system is structurally linear. Otherwise, δ S ¦ 1. The linear and nonlinear active controls are given in terms of the normalized control gain parameters Ψ i and Θ i .
In the paper, we consider a damping free model. That is,
The study for the case with damping will be carried out later.
GOVERNING EQUATION
In order to capture the effect of time delay, τ, related to the various feedback gains Θ i and
Then, one can transfer Eq. (7) as a set of four first-order differential equations:
where the explicit expressions of the coefficients aG i s and bG i s are given in Appendix in [6] . For convenience in the following analysis, rewrite Eq. (8) in the vector form: 
respectively. This equation will be used to study the stability/instability of the LCO.
LINEARIZED SYSTEM
As the first step we analyze the stability of the trivial solution of the linearized system of (8), which is given bẏ
The characteristic function can be obtained by substituting the trial solution, x£ t
, where c is a constant vector, into the linear part to find (I represents the identity matrix in the following equation)
Based on Eq. (13), it can be shown 2 that "The number of the eigenvalues of the characteristic equation (13) with negative real parts, counting multiplicities, can change only when the eigenvalues become pure imaginary pairs as the time delay τ and the components of A 1 and A 2 are varied."
It is seen from Eq. (13) that when
none of the roots of D£ λ¥ is zero. Thus, the trivial equilibrium x ¦ 0 becomes unstable only when Eq. (13) has at least one pair of purely imaginary roots. The critical values for a Hopf bifurcation to occur can be found by setting the real and imaginary parts of D£ i ω¥ to equal zero. If there is at least one positive solution for ω, one may substitute the solution(s) into Eq. (13) 
CENTER MANIFOLD REDUCTION
In order to obtain the explicit analytical expressions for the stability conditions of Hopf bifurcation solution, we need to reduce system (9) to its center manifold. To achieve this, we express the infinite dimensional problem described by delay equations to an abstract evolution equation on Banach space H of continuously differentiable function u : 
The nonlinear operator F is in the form of
Similarly, we can define the dual/adjoint space H of continuously differentiable function v:
H can be split into two subspace as H ¦ P Λ Q Λ , where P Λ is a two-dimensional space spanned by the eigenvectors of the operator A associated with the eigenvalues Λ, while Q Λ is the complementary space of P Λ . Then for u I H and v I H , we can define a bilinear operator:
Corresponding to the critical characteristic root iω, the complex eigenvector q£ θ¥
The general solution of Eqs. (18) and (19) is
From the boundary conditions, given by Eq. (19), we can easily find a real basis for P Λ denoted as Φ£ θ¥
. Similarly, one can find a real basis for the dual space Q Λ as Ψ£ σ¥
Next, by defining w
Ψ¤ u t , one can decompose u t into two parts to obtain
which implies that the projection of u t on the center manifold is Φ w. Then, applying (14) and (21) results in the center manifold:
where N £ w¥ represents the nonlinear terms contributed from the original system to the center manifold.
The lowest-order nonlinear terms of the center manifold, needed to determine the stability of solutions, are
Therefore, we obtain the normal form up to third order,
where L is a Lyapunov coefficient(LEQ), given by
0¥ , the Hopf bifurcation is supercritical (subcritical), that is, the bifurcating limit cycle is stable (unstable).
RESULTS
For a consistent comparison with the results obtained in [6, 8] , some numerical results are presented to investigate the stability with respect to the variations of the time delay τ and the linear and nonlinear gains Ψ 1 and Ψ 2 using the formulas presented in the preceding section. And a thorough study on the "jumping" phenomenon is given. We shall take the same parameter values used in [6, 8] . The main chosen varying parameters are Ψ 1 , Ψ 2 , Θ 1 , Θ 2 , V and τ. The other parameters given in (4) and (5) take the following values:
Here, we shall analyze the stability of the aeroelastic system in the vicinity of the flutter boundary. Also, we will further investigate the "jumping" phenomenon reported in [6] when time delay τ is increased to a certain value. In this paper, it is shown that there is no "jumping" phenomenon when no delay exists, unique flutter speed and frequency are obtained corresponding to fixed flight Mach number. On the other hand, as long as delay persists, whether it is large or small, the original system may have multiple families of limit cycles bifurcating from a same set of parameter values with multiple solutions for frequencies. Thus, time delay not only has great impact on the stability of the flutter boundary, but also is crucial in creating multiple Hopf bifurcation. Thus, our results will be presented in two typical cases: the system with no delay and with delay. Fig. 4 and Fig. 5 shows that the control in plunging displacement is not beneficial in stabilizing Hopf bifurcation. b) Ψ 2 ¦ 10Ψ 1 . In this case, the presence of Ψ 2 does not change the relation between the flutter velocity and Mach number because the flutter speed is only determined by linear terms. The Lyapunov coefficients for this case with and without the presence of plunge displacement control are depicted in Figs. 6 and 7 , respectively. They clearly show that the critical Mach number with plunging displacement control is smaller than that without the plunging displacement control. In both situations, the critical Mach number increases with the increase of Ψ 1 , and the nonlinear feedback control is more effective than the linear feedback control in rendering the flutter boundary a benign one.
Case 2: With delay. In this case, the effect of time delay on the flutter boundary and its stability has been studied in [8] . Figures 2 and 3 clearly indicate that when no plunging displacement control is involved, the value of V F , in the presence of time delay, for any
experiences an increase, as compared to the case of the absence of the time delay. On the other hand, when there is a plunging displacement control in the presence of time delay, V F is smaller than that in the case of no time delay, as shown in Fig. 3 . This implies that the time delay is not beneficial in delaying the occurrence of flutter instability (Hopf Bifurcation) if a plunging displacement control is applied.
It has been noticed in [8] that when no plunging displacement control presents, time delay and nonlinear proportional feedback control (Ψ 2 ) are beneficial in stabilizing bifurcation motions. On the other hand, when there is plunging displacement control, time delay is (is not) beneficial to stabilize Hopf bifurcation for small (large) Ψ 1 if there is no nonlinear proportional feedback control; while in the case that nonlinear proportional feedback control applies, time delay is not beneficial to stabilize Hopf bifurcation motion when a large plunging displacement control is used [8] .
Next, we will discuss the "jumping" phenomenon reported in [6] . It was shown [6] that a jumping in V F occurs for τ speed decreases suddenly to a small value (see Fig. 6 in [6] ). This "jumping" happens due to multiple solutions of frequencies.
In this paper, we confirm that the "jumping" phenomenon is actually caused by multiple families of limit cycles bifurcating from a same set of parameter values with multiple solutions of frequencies. It is found that the multiple Hopf bifurcations exist as long as time delay τ is not zero. Here, we use the same parameter as used by Yuan et. al [6] to show the multiple limit cycles for the reason of comparison. We fix Ψ 1
and vary the time delay τ from 0 to 4. The multiple families of limit cycles are shown in Fig. 8 . It is observed in Fig. 8 that there is no multiple limit cycles when no delay presents. When time delay presents, there are three different sets of flutter speed corresponding to three different sets of limit cycle for the same flight Mach number. So the occurrence of flutter instability depends on the initial speed of flight vehicle. The flutter instability may occur at a high flutter speed or a low flutter speed depending upon which flutter boundary was first met. The stability of the three sets of limit cycles with and without nonlinear proportional feedback controls are shown in Figs. 9, 10, 11 and Figs. 12, 13, 14, respectively. From Figs. 9, 10 and 11, we can see that the small and medium limit cycles are always stable when there is no nonlinear proportional feedback control, and for large limit cycle, the Hopf bifurcation motion is stable for small flight Mach number and unstable for large flight Mach number, and the time delay is helpful in stabilizing the bifurcation motion in this case (Fig.  11) . On the other hand, when a nonlinear proportional feedback control is applied (Ψ 2 ¦ 10Ψ 1 ), the nonlinear proportional feedback control can destabilize the small and medium limit cycles, while can stabilize the large limit cycle. In this case, time delay is beneficial to the large limit cycle, but not to the small and medium limit cycles.
CONCLUSIONS
In this paper, the aeroelastic instability in the vicinity of the flutter boundary and multiple Hopf bifurcation for a twodimensional supersonic lifting surface with both proportional and velocity control are addressed. The effect of time-delay feedback control is investigated. It is shown that when only the pitching control is involved, time delay is beneficial. When plunging displacement control applies, large time delay is not beneficial. Further, it reveals that time delay can cause the system having multiple bifurcations. When no nonlinear proportional feedback control presents, time delay are beneficial to all multiple bifurcation motions. While if nonlinear proportional feedback controls present, time delay may destabilize the small and medium limit cycles, but stabilize the large limit cycle.
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